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The effect of dipole–dipole cross correlations on the net nuclear (13, 14) . These conclusions have been based on an analysis
Overhauser effect (NOE) has been analyzed here for realistic sys- carried out for a system of three relaxation-coupled spins
tems by extending the three-spin calculations to four and five (13, 14) , which forms the smallest spin system for which
spins in order to account for additional cross correlations and spin dipole–dipole cross correlations can contribute. This three-
diffusion. These have been compared with the addition of leakage spin-system analysis, while highlighting the contribution of
terms to the three-spin system. The additional spins enhance cross-

dipolar cross correlations, is restricted in its applicability,correlation effects on one hand but on the other act as supplemen-
since it assumes an isolated three-spin system, particularlytary relaxation pathways for the magnetization to diffuse. This
in the long-correlation limit where there are no leakageanalysis shows that for a linear array of spins in the long-correla-
mechanisms for relaxation. As a result, the nonequilibriumtion limit, dipole–dipole cross correlations increase net NOE,
magnetization remains within the spin system for a signifi-while spin diffusion decreases it, and that the cumulative effect is

a reduced effect of cross correlations. In other geometries and cant time, building up the effects of cross correlations. If
correlation limits, the effect of cross correlations on net NOE is there are additional spins present, they on one hand act as
generally small. q 1997 Academic Press additional sources for cross correlation, while on the other,

they act as sources of leakage of magnetization. In order to
obtain a realistic estimate of the effects of cross correlations

INTRODUCTION on net NOE, we examine in this paper the effects of addition
of fourth and fifth spins to a linear array of three spins and

With the advent of two- and multidimensional NMR, it compare the results with nonspecific leakage of magnetiza-
has become possible to obtain structures of biomolecules in tion in the three-spin system. It may be mentioned here that
solution. The main information on structure is obtained by there is no simple way that the net effect of cross correlation
monitoring the transfer of polarization from one spin to an- can be suppressed, and a neglect of the same can lead to
other in the molecule, also known as the nuclear Overhauser systematic errors in the distance estimation.
effect (NOE) through the well-known two-dimensional
NOESY experiment (1–4) . Most interpretations of NOESY

RESULTS AND DISCUSSIONScross-peak intensities neglect cross correlations arising from
multiple pathways of relaxation of a spin. It has been recently
emphasized that cross correlations can give rise to a large The earlier analysis of the effect of dipole–dipole cross

correlations on net NOE in a three-spin system revealed thatmultiplet effect as well as a significant net effect (5–9) .
The multiplet effect, which is a differential relaxation and the effect is largest in a linear geometry of the three spins

and in the long-correlation-time regime (vtc ú 1), andNOE effect among the various transitions of a spin, the
observation of which requires resolution of various transi- that the maximum effect of approximately 25% of the total

magnetization appears at long mixing times, for vtc Å 10tions of a spin by J coupling, can be suppressed by the use
of a nondiscriminatory 907 measuring pulse. On the other (13) . For the same three-spin system, Fig. 1 shows the dif-

ferences in the NOE calculated with and without cross corre-hand, it has been shown that the multiplet effect can be put
to good use to obtain additional information on the structure lation for fixed mixing times (100, 200, and 400 ms) as a

function of vtc for v Å 300 MHz. This shows that the errorof molecules (10–12) .
Detailed analyses have also been carried out on the net arising from the neglect of cross correlations for a given

mixing time, although small, is not negligible. The erroreffect of cross correlations on NOE (8, 13, 14) . It has been
shown that the net effect is a second-order effect in time reaches its maximum value of approximately 1, 2, and 7%

of the total magnetization for mixing times of 100, 200, andand that a significant net effect can build up in a linear
arrangement of spins, especially at long mixing times 400 ms respectively for vtc between 1.2 and 1.6. It may be
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noted that the net NOE at vtc Å 1.6 with cross correlation,
for the above mixing times, is 6, 11, and 16% of the total
magnetization, respectively. Thus the error is approximately
16, 18, and 44% of the net NOE at these mixing times.

The error in net NOE for tm Å 400 ms is a significant
fraction of the total NOE for vtc Å 1.6 and decreases sig-
nificantly for vtc Å 10. Some of our earlier conclusions
have been based on the results at vtc Å 10 (13, 14) . How-
ever, there are many biomolecules which fall in the region
of vtc Å 2–5. Figure 2 shows the net NOE calculated with
and without cross correlation in the linear three-spin system
for vtc Å 2, 3, and 5 as a function of tm. These curves
show that at intermediate mixing times such as 400 ms, the
NOE with cross correlation is 24, 35, and 48% of total
magnetization and the error is 7, 5, and 3% of total magneti-
zation at vtc Å 2, 3, and 5 respectively, and therefore the
error is a significant fraction (0.28, 0.15, 0.06) of net NOE.
For experiments performed near these parameters, cross cor-
relations thus have significant influence on net NOE. The
maximum error in net NOE, however, is much larger and
appears at very long mixing times, reaching a value of 22,
23, and 24% of the total magnetization at mixing times of
1.8, 2.6, and 3.9 s, respectively, for the three vtc values,
Fig. 2.

The above analysis is for a three-spin system. However,

FIG. 2. (Left) Calculated net NOE in percentage on spins A and K
after selective inversion of spin M at tm Å 0 is shown as a function of tm

for a linear arrangement of A, M, and K spins having an interspin distance
of 2 Å. The dashed curves represent the calculated net NOE without cross
correlation and the solid curves represent that with cross correlation. (Right)
The difference between these two calculated NOE values is shown by solid
curves. The top, middle, and bottom traces correspond respectively to vtc

Å 2, 3, and 5 for v Å 300 MHz. The NOE values on A and K spins are
identical in this case.

in practice unless special experiments involving spin locking
of interacting spins are performed (15) , there are other relax-
ation-coupled spins present. These additional spins act as
supplementary sources of cross correlations as well as gener-
ating more pathways for the magnetization to diffuse,
thereby reducing the NOE on the spins of interest. To ana-
lyze the effect of spin diffusion and cross correlation on
net NOE, the above calculation has been extended to four-
(AMKP) and five- (AMKPX) spin systems in linear con-
figuration. Addition of the fourth spin, Fig. 3, for vtc Å 2,
3, and 5, reduces the net NOE, with and without cross corre-
lation on the third spin, while the net NOE without crossFIG. 1. The difference in the net NOE on spin A (after selective inver-

sion of spin M at tm Å 0 for a linear arrangement of A, M, and K spins correlation on the first spin (A) is relatively unaffected. For
having an interspin distance of 2 Å) calculated with and without cross example at tm Å 400 ms, the NOE with cross correlation
correlation in percentage is plotted as a function of tc for mixing times tm on the K spin on selective inversion of spin M at tm Å 0
Å 100, 200, and 400 ms for v Å 300 MHz. hA is defined as [Az (tm)/

drops to 18, 26, and 33% of total magnetization, but theA0]% while h*A Å (hA)w 0 (hA)wo , where (hA)w is the NOE calculated with
errors as a percentage of the total magnetization, given bycross correlation and (hA)wo is the NOE calculated without cross correlation.

Identical curves are obtained for spin K in this case. 6, 5, and 3% for vtc Å 2, 3 and 5 respectively, remain
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unchanged. However, the error as a fraction of the total NOE
has gone up in this case. On the other hand, at longer mixing
times, the net NOE on the K spin as well as the maximum
error on both K and A spins is significantly reduced for
all vtc . The maximum error for vtc Å 5 decreases more
dramatically than that for vtc Å 2 as well as that for vtc

õ 1 (figure not shown), since in the case of vtc Å 2 and
for the short-correlation limit (vtc Å 0.1) , there is already
significant leakage in the relaxation process of the three-spin
system, and the addition of the fourth spin only adds a small
additional leakage pathway for the magnetization. On the
other hand, for the long-correlation limit, vtc § 5, there is
little leakage in the three-spin system, resulting in a signifi-
cant effect of cross correlation (Fig. 2) . It may be noted that
while both the NOE and the maximum errors are reduced, the
errors as a percentage of NOE are still significant.

Addition of a fifth spin linear to the linear array of four
spins with interspin distances of 2 Å is analyzed next. Figure
4 shows the net NOE and the error in net NOE on various

FIG. 4. (Left) Calculated net NOE in percentage on spins A, K, P, and
X after selective inversion of spin M at tm Å 0 is shown as a function of
tm for a linear arrangement of A, M, K, P, and X spins for vtc Å 2, 3,
and 5 respectively with an interspin distance of 2 Å and v Å 300 MHz.
The dashed curves represent the calculated net NOE without cross correla-
tion and the solid curves represent that with cross correlation. (Right) The
differences between the NOE values calculated with and without cross
correlation are shown.

spins for vtc Å 2, 3, and 5 when the second spin is inverted
at tm Å 0. It turns out that the maximum errors are small
in all cases and are less than those in the four-spin case and
that the errors are significantly reduced even at intermediate
mixing times such as tm Å 400 ms. It is noted from these
curves that, while the calculated net NOE without cross
correlation on A and K spins changes little when the fifth
spin is added, the effect of cross correlation decreases sig-
nificantly. On the other hand, with the addition of the fifth
spin, the net NOE calculated with and without cross correla-
tion on the fourth spin (P) (Fig. 4) decreases significantly.

In order to assess whether spin diffusion and cross correla-
tion can be mimicked by a leakage process, we compare theFIG. 3. (Left) Calculated net NOE in percentage on spins A, K, and

P after selective inversion of spin M at tm Å 0 is shown as a function of four- and five-spin calculations (including cross correla-
tm for a linear arrangement of A, M, K, and P spins for vtc Å 2, 3, and tions) with the three-spin calculation with leakage terms
5 with an interspin distance of 2 Å and v Å 300 MHz. The dashed curves added to the diagonal elements of the relaxation matrix (ex-
represent the calculated net NOE without cross correlation and the solid

cluding cross correlations) . If this leads to acceptable results,curves represent that with cross correlation. (Right) The differences be-
it will establish whether one can use Solomon’s equationstween the NOE values calculated with and without cross correlation are

shown for each spin. (containing evolution of only single-spin modes and neglect-
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ing times and reduced for long mixing times with the three-
spin NOE without leakage becoming smaller than the five-
spin case after tm Å 3 s.

The above results indicate that in the presence of signifi-
cant spin diffusion, the effect of cross correlation on the net
NOE becomes small. Both spin diffusion and net effects of
cross correlation are second-order processes. In the long-
correlation limit for all mixing times for a linear array of
spins, cross correlations increase the net NOE as seen by
the curves of Figs. 2–4 while spin diffusion tends to decrease
it. Thus, the two effects compete against each other and
compensate.

CONCLUSIONS

Earlier work on a three-spin system revealed significant
effects of cross correlation in net NOE at long mixing times.
It predicted an overestimation of distances from NOESY
data upon neglect of cross correlation. In this paper, it is
shown that, in a linear three-spin system, effects of cross
correlation on net NOE are quite significant even for usually

FIG. 5. Net NOE (curve a) in percentage on spin K in a linear AMK employed intermediate mixing times, for the range vtc Å
spin system, calculated without cross correlation after selective inversion 2–5. These effects are further analyzed for four- and five-
of spin M at tm Å 0. Curves b–e correspond to the above situation but

spin systems with linear geometry, as well as compared withwith the addition of nonselective leakage terms corresponding to 5, 10, 20,
a nonspecific leakage in a three-spin system. It is found that,and 30% of the average relaxation rates of single-spin orders, 1

3(rA / rM

for intermediate mixing times in the above correlation limits,/ rK), respectively, to each of the diagonal elements of the rate matrix.
Dashed curves f and g correspond to net NOE calculated for the K spin in the errors continue to be significant but decrease in magni-
a linear arrangement of four, AMKP, and five, AMKPX, spin systems, tude for longer mixing times. Furthermore, it is found that
respectively, without any leakage but with cross correlation, after selective one can mimic the transport of magnetization to outer spins
inversion of spin M at tm Å 0. In all the above calculation, the interspin

from a finite spin system neglecting cross correlations bydistance is taken as 2 Å, vtc Å 3, and v Å 300 MHz.
using a nonspecific leakage, but only for short mixing times.
Thus, we conclude that for intermediate and long mixing
times (200–500 ms) for vtc É 2–5, there is a significanting all cross correlations) with leakage terms added to the
effect of cross correlation on net NOE. It is therefore sug-diagonal elements, tremendously reducing the dimension of
gested that unless cross correlations are explicitly taken intothe relaxation matrix to be handled from 2N 1 2N to a maxi-
account, only semiaccurate distances may be estimated frommum of N 1 N (13, 14) . Figure 5 shows the calculated NOE
net NOE. This applies particularly to the so-called full-relax-on the K spin in the AMK spin system, on inversion of the
ation-matrix analyses (16–19) . It may be emphasized thatM spin at tm Å 0, calculated without cross correlations but
the best strategy for the analysis of NOE data continues to bewith different amounts of leakage added to all the diagonal
based on the principle that a large number of semi-accurateelements of Solomon’s equation, for vtc Å 3. Curve a is
distance estimates (2) are better than a smaller number ofwithout any leakage and curves b–f are, respectively, with 5,
accurate distances.10, 20, and 30% leakages. Figure 5 also shows the calculated

transient NOE on K spin in the AMKP and AMKPX spin
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